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1. INTRODUCTION AND STATEMENT OF THE RESULTS 
The main results in this paper concern smooth r-parameter families of 
vectorfields on R2. For these vectorfields we use the following notation: 
A vectorfield X on Rs, depending on r real parameters, can and will be 
considered as a vectorfield on II?’ x R2 of the form 
x = X1(/% ,---, Pr > Xl , x2> a/ax, + XZ(Pl,..., Pr , Xl , x2> w, * 
With X,, we denote the above vectorfield on R2 for fixed TV = (pi ,..., p,.); 
so X, is, for each TV E llP, a vectorfield on R2. Except when stated otherwise, 
everything in this paper will be Cm; in particular Xi and X, above are 
supposed to be Cm functions on Iw’ x BP. 
We shall assume in the following that X,,,...,,,(O) = 0 and that the 
eigenvalues of (aX,/axJ& p=O,z=O are on the imaginary axes and nonzero. 
This means that X,, has in the origin a singularity of the type studied in [8]. 
We shall say that X,, has in the origin a (K, +), respectively (K, -), singularity, 
if the (2k + 1)-jet of X,, in the origin can be transformed to 
respectively 
fc% 9 2 x >[Xl a/ax, - x2 a/ax, - (Xl2 + X22)k (Xl a/ax, + x2 W,)l, 
for some positive function f. If J”(2) is th e set of co-jets of singularities of 
vectorfields on UP, then there is a subset C C J”(2) with codimension 00 
and such that for each X,, as above (i.e., with eigenvalues of the linear part 
nonzero and on the imaginary axis) such that its co-jet j,(X,,) is not in C, X0 
has a singularity of type (k, -J-t) for some K > 1; this statement follows from 
the formal calculations in [8]. This means that if the eigenvalues of the 
linear part of X,, in (0,O) are nonzero and on the imaginary axis we do not 
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lose much generality if we assume that X0 has in (0,O) a singularity of type 
(k, -+) for some K > 1. 
DEFINITION 1.1. Let X be a smooth r-parameter family of vectorfields on 
iR2 such that X,, has in the origin a singularity of type (K, +), respectively 
(k, -). Then X is called an r-parameter unfo2ding of the singularity (k, +), 
respectively (k, -). 
DEFINITION 1.2. Let 
be a smooth r-parameter family of vectorfields on R2 and 
y = Yl(51 ,**a, 4, > Yl 9 Y2) VYl + Y2(& P--*3 Es 9 Yl 9 Y2) WY2 
be a smooth s-parameter family of vectorfields on R2. 
A pair of maps @: !JP x R2 + RS x R2, 4: W -+ RS with 
(a) &r+. = rTgQs, where 7r7 : W x R2 + [w’ and ng : UP x R2 + W are 
the usual projections; 
(b) for each p E W, @ 1 m;$): n;‘(p) + v;“($(P)) is a diffeomorphism, 
is called a morphism of X to Y if there is a neighborhood U of (0,O) E W x R2 
such that for each 
and is called a weak homomorphism of X to Y if there is a neighborhood U of 
(0,O) in IFP x R2 such that for every (p, x) E U we have X(p, x) = 0 if and 
only if Y(@(p, x)) = 0 (and the type (sink, saddle, or source) is the same for 
corresponding singularities of X and Y) and (CL, x) lies on an (attracting, 
respectively repelling) closed integral-curve of X if and only if @(p, x) lies 
on an (attracting, respectively repelling) closed integral-curve of Y. A pair 
(@,4) as above will be called an admissible pair of maps. 
Remark 1.3. The notion of morphism can be used to construct new 
unfoldings from a given unfolding in the following way. Let Y be a smooth 
s-parameter unfolding of the singularity (k, +), respectively (k, -), and let 
the maps @, C$ be as in Definition 1.2 (i.e., satisfying (a) and (b)). Then it is 
clear that there is a unique r-parameter unfolding X of the singularity (k, +), 
respectively (k, -), such that, 0, $ defines a morphism of X to Y (with U 
equal to UP x UP); X is said to be induced from Y by @. 
The notion of weak morphism can be used to classify unfoldings; @, 4, as 
in Definition 1.2, define a weak isomorphism between X and Y if @, restricted 
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to a neighborhood of (0,O) E (WY x R2 . is a diffeomorphism onto a neighbor- 
hood of (0,O) in R” x R2 and if @, 4 defines a weak morphism from X to Y 
(and, hence, Q-l, 4-l defines locally a weak morphism of Y to X). 
In the following we shall restrict our attention to singularities of type 
(K, -); the corresponding results for (R, +) singularities follow trivially, 
because multiplying a vectorfield with (- 1) changes a (k, +) singularity to a 
(k, -) singularity. 
EXAMPLE 1.4. The following example will play a key role in analyzing 
arbitrary unfoldings of (k, -) singularities; therefore, we need a special 
symbol for it: Xck); it is, because of the next theorem, called the universal 
unfolding of the singularity (Fz, -). The example is 
x(k) = x1 a/ax2 - x2 a/ax, - ((q + x2y + rll(x12 + x2y1 + ... 
+ 77k-1w + x22) + rlkk a/ax1 + x2 aiax2h 
for k < 3 one can find details about this example in Section 4. 
THEOREM 1.5. Let X be an unfolding of a singularity of type (k, -). Then 
there is a weak morphism (~3, c$) from X to Xfk), in other words, X is weakly 
isomorphic to the unfolding induced by (a, +) from X(“). 
In Sections 2 and 3 we shall prove the above theorem, and in Section 5 we 
indicate certain generalizations of it. We conclude this Section by giving 
some comments on and consequences of Theorem 1.5. 
Remark 1.6. In a certain sense our theorem generalizes a classical result 
of Hopf concerning l-parameter families of vectorfields [2]. It seems very 
unlikely that theorems of the above type can be obtained for more complicated 
singularities than those having two nonzero purely-imaginary eigenvalues 
for their linear part. 
A simple consequence of Theorem 1.5 is the following. For r-parameter 
families of vectorfields on R2, the following is a generic property (in the 
P-topology): Only singularities of type (k, -J-t) occure for k < r; if such 
a singularity of type (k, -) occurs, in such an r-parameter family X, in 
(II, x) then, by Theorem 1.5, there is a morphism @, #J of X to X’“) (after we 
translated (CL, x) to (0,O) in UP x R2). A second generic property for r- 
parameter families of vectorfields is that, for each singularity of type (k, -) 
occuring, the corresponding map 4 is transversal with respect to the origin 
in BP. This means that the whole configuration of closed integral curves near 
a (k, -) singularity in a generic r-parameter family of vectorfields is 
differentiably equivalent to that configuration in the universal unfolding Xfk), 
multiplied by IF?“. 
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We shall use the following notation: If X is a vectorfield on a manifold M, 
then 9r : M x Iw + M, the integral of X, is defined by 9z(m, 0) = m, 
for all m E M, and (Bx/at)(m, t) = X(gx(m, t)). In general, 9r is only defined 
in a neighborhood of M x (0) if M is not compact. In this paper M will 
mostly be a real vectorspace and, hence, not compact; we are, however, 
in most cases only interested in the behavior of X in a small neighborhood 
of a fixed point (in general the origin), and, hence, we may just as well assume 
that Bx is defined on all of M x R. In the above context 9x,t : M -+ M, 
for t E IF!, denotes the map defined by 9x,t(m) = 9(m, t). 
Remark 1.6. It should be mentioned that the notions and problems 
which are studied in this paper were already known for functions. The notions 
were introduced by Thorn, see for example [lo]. 
2. SYMMETRY PROPERTIES 
We consider a Cm r-parameter family of vectorfields 
on R2 with the property that 
X0( =X,(0,..., 0,%,X2) a/ax, + X2(%.., 0, Xl 3 x2) Wx2) 
has a singularity in the origin and that the eigenvalues of ((3x,/&,)(0,0))& 
are nonzero and on the imaginary axis. We call a C*-diffeomorphism 
@: I&!’ x RF + LIP x lR2 admissible if nr = rr@, where T,. : FP x R2 + lfP 
is the usual projection. In this Section we shall show how to construct an 
admissible diffeomorphism @, or rather a composition of such diffeo- 
morphisms, such that Q*(X) has certain symmetry properties. It is clear that 
if @ is an admissible diffeomorphism, it suffices to prove Theorem 1.5 for 
Q*(X) instead of X. 
LEMMA 2.1. Let X be a smooth r-parameter family of vectorfields on R2 as 
above. Then there is an admissible dtfleomorphism CD such that a*(X) is zero 
in all points (CL, 0) E W X [w2 for p small. 
Proof. This is a direct consequence of the implicit function theorem, 
as the map A: (R’ x R2, (0,O) -+ (R2, 0), defined by h(p, x) = (X, , (p, x), 
X2& x)) has maximal rank in (0, 0), or, more precisely, 
dW,O) I T~o.o)W x R2) : Tm~W x W + ToW2) 
is an isomorphism, there is a neighborhood U of (0,O) E UP x R2 and a 
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P-map A: R’ + UP such that if (x, p) E U, then X(p, x) = 0 if and only if 
x = A(/*). Now we take @(p, x) = (p, x - A(p)). 
LEMMA 2.2. Let X1 be as G*(X) in the conclusion of Lemma 2.1. Then 
there is an admissible diffeomorphism @ such that @*(xl) has the form 
44(x1 a/ax, - x2 a/ax,) + ~,(PL)(Xl a/ax1 + x2 a/ax21 
+ (terms of order 32 in x1 , x2) 
for small p; 01~ is nonzero for small TV and a,(O) = 0. 
Proof. @ is obtained by applying the Jordan normal form theorem for 
each (small) ,LL. It is clear that this can be done so that Qi is linear in x for each 
fixed (but small) p and depends Cm on CL. 
LEMMA 2.3. Let X2 be as @*(Xl) in the cor&siotz of Lemma 2.2. Then 
there is an admissible dz~eomorphism Q, such that (@*X2), , for p sufiiently 
small, has the form 
fi and f2 are Cm functions on Rr+lfi(O, 0) # 0, a jlat vectorfield means here a 
vectorjeld xI(p, x) a/ax, + x2(~, x) a/ax, with x1 and x2j?at in all points of 
the form (p,O). 
Proof. For vectorfields on R2, which do not depend on parameters and 
which have in the origin a l-jet of the form c+(xr a/ax, - x2 a/ax,) + 
%(x1 a/ax, + x2 a/ax,) with 01~ # 0, the above lemma is a special case of 
Theorem 2.1 [9]. For the case where the vectorfield depends on one parameter 
the proof is given in [7, Section 81. The proof in the case of several parameters 
is just the same as for one parameter. 
LEMMA 2.4. Let X3 be as @.+.(X2) in the conclusion of Lemma 2.3. Then 
there is a nonzero Cm-function f: W x R2 + [w such that f * X3, restricted to 
a small neighborhood of (0,O) in W x R2, has the form 
f e x3 = xl w, - x2 wl + k501, x12 + x22)(x1 a/ax, + x2 a/ax,) 
+ g,(h xl , x2)(x1 a/ax, + x2 wax,) 
with g, flat in all points (p, 0) and g,(O, 0) = 0. 
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Proof. Because we only want to get a local conclusion, we may, and do, 
assume that X3 has globally the form 
where fi(O, 0) # 0 and where X1 and X2 are flat in all points (p, 0). We 
define R: Iwr x FP-+ R by 
R = <X3, ~1 W2 - 3 VW = (~12 + ~2’) *fi(p, (~12 + 32)) 
+ &%,X2), 
where a is flat in all points (p, 0). It follows that iz, defined by i?&, x) = 
(xl2 + x22)-1 * R(p, x) is also Cm. Because fi(O, 0) # 0, a(,~, x) # 0 for 
(CL, x) small; we take f such that near the origin, f(p, x) = (&, x))-l. It 
easily follows that f has the required properties. 
LEMMA 2.5. Let X4 be as f * X3 in the conclusion of Lemma 2.4. Then 
there is an admissible dajfeomtirphism Q, such that @*(X4) satisfies 
(i) @.+.(X4) has, in a neighborhood of (0,O) in W x Iw2, the form 
3wx2 - x2 W% + (i? (CL 1 9 Xl" + xz2) -tbz(P, Xl> 32Nl Wl + x2 a/ax21 
with J2 Jrat in all points (p, 0) and &(O, 0) = 0; 
(ii) there is a neighborhood U of (0,O) in !I@’ x [w2 such that if 
(TV, %I , s2) E U lies on a closed integral curve of 0*(X4), then this closed integral 
curve has the form {(p, x, , x2) [ x12 + x22 = z12 + Zig}. 
Proof. As the conclusion we want to get for @*(X4) is local, we may, 
and do, assume that X4 is globally of the form 
x1vax2 - x2 a/h + kl(P, Xl2 + x2"> +gzb, Xl, x2m1 W% + x2+2), 
withg2 flat in all points (p, 0,O). Let 9rr,t : Rr x R2 -+ UP x R2 be the time 
t integral of X4, and let R6 : [WC x R2 + lFP x R2 be the map defined by 
R&A, x1 , x2) = (/A, x1 cos+ - x2 sin+, x1 sin+ + x2 cos +). 
We define G by 
(*I 
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As, for each 4, R-, 0 9xa,m is Cm, G is Cm; it is also clear that rTTT 0 5 = T,. . 
Furthermore, di is locally a diffeomorphism because @(O, 0) is the identity. 
We now take di an admissible diffeomorphism which equals G on some 
neighborhood of (0,O) E [wr x R2. 
As the co-jet of X4 is invariant under the rotations defined by Rb , the same 
holds for the co-jet of @ (locally) and, h ence, for the co-jet of @+.(X4) (locally). 
Hence, (i) in the conclusion of Lemma 2.5 is satisfied. 
Now we take U to be a neighborhood of (0,O) E UP x R2 which is invariant 
under the rotations defined by Rd and such that in each point of @-l(U), @ 
coincides with G. 
Remark 2.6. In Lemma 2.5 we obtained a situations where the co-jet 
along (x = 0) and the set of closed integral curves is invariant under the 
rotations R4 (see the above proof). In general it is impossible to get the whole 
flow symmetric under Rb in a neighborhood of (0,O) E Iwr x R2. 
DEFINITION 2.7. We say that a vectorfield X on R2, depending on 
parameters pi ,..., CL, has the symmetry property if 
(i) it has the form 
xl wx2 - x2 a/ax, + (gdb x12 + x22) + g2cp, x1 , x~))(x~ a/ax, + x2 a/ax,) 
with g, flat in all points (CL, 0) and g,(O, 0) = 0; 
(ii) each closed integral curve of X has the form 
{(CL, %,X2) I P = F, Xl2 + x22 = P > o>, 
where p E [wr and p > 0 are fixed; 
(iii) the integral 93r : (R’ x R2) x [w --t (R’ x lR2) is globally defined. 
Remark 2.8, From the lemmas in this Section it follows that if we have 
any X as in the beginning of this Section, we can change X to an r-parameter 
family of vectorfields having the symmetry property by the following 
operations: 
(a) applying an admissible diffeomorphism; 
(b) multiplying X with a positive function; 
(c) modifying X on the complement of some neighborhood of (0,O) 
in Iwr x R2 (this last operation may also be needed to get the integral Br 
globally defined). 
From this it follows easily that it is enough to prove Theorem 1.5 for 
vectorfields which have the symmetry property. 
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DEFINITION 2.9. Let X be a vectorfield on R?, depending on parameters 
111, . .. , p7 , which has the symmetry property. Then a function D: [w' x Iw + Iw 
is called a displacement function of X if: 
(1) D(p, x) = D(p, -x) for all (p, z) E Iw x R; 
(2) D(p, 0) = 0 for all p E R’; 
(3) (CL, x17 2 x ) lies on a closed integral curve of X if and only if 
D(p,(x12 + x:)1/2> = 0; 
(4) If D(tc, x) > 0, respectively (0, then all points (p, x, , x2) with 
Xl2 + 32 2 = x2 are wandering (for the flow of X); the w-limit of such points 
is contained in ((p, x1 , xa) / x12 + x22 < x2}, respectively in 
G-5 21, x2> I Xl2 + x22 > 8, 
and the a-limit in {(p, xi , x2) 1 xi2 + xz2 > x2], respectively in 
HP, Xl, x2) I Xl2 + x22 < x2>* 
Remark 2.10. One can always construct a displacement function in the 
following way: let X be a smooth r-parameter family of vectorfields on R2 
with the symmetry property. Then one defines +, x) and a(~., x) to be such 
that 9~,~& x, 0) = (I*, %, 0) and Bx,2V(~, -x, 0) = (P, -2, 0). The 
function D, , defined by Dx(p, x) = x(x - x + x - Z), is then a displace- 
ment function for X. If X,, has a (k, -) singularity, D,(O, x) = f(x) . x2k+2 
for some smooth function f with f(0) > 0. 
For the examples X(k), given in Example 1.4, one can give the following 
displacement function 
D’k’(71 ,..., r], > x) = x~‘+~ + qlx2” + 112x2”-2 + a.. + 77&a 
Remark 2.11. Let X be a smooth r-parameter family of vectorfields 
and Y be a smooth s-parameter family of vectorfields as in Definition 1.2, 
but now we also assume that they both have the symmetry property, and we 
assume that Dy is a displacement function for Y and D, is a displacement 
function for X. 
For each pair of maps 6: W x R + W x R, 6: [w’ + W such that 
(b) for each p E W, 6 maps r;‘(p) diffeomorphically onto T$(&)); 
(c) 6 is of the form @.A, x) = (&A), A@, x2) l x); 
(d) in some neighborhood of (0,O) E W x W, Dy * 6 = D, ; 
484 TAKENS 
there is a weak morphism of X to Y. This weak morphism can be given 
explicitly by the following formulas: 
4 = 8; @(I4 x 15 x2) = W), 44 (G" + xz2)) - 64 x2)). 
3. UNFOLDING OF SYMMETRIC FUNCTIONS AND THE 
PROOF OF THEOREM 1 
The results on unfoldings in this Section are simple extensions of the 
following theorem. 
THEOREM 3.1 (Mather [6]). Let F: W x If3 + R be a C" function with 
F(0 ,..., 0, x) = Xk *f(x), f or some function f with f (0) > 0. Then there is a Cm 
map @from a neighborhood U of (0,O) in W x R to EP2 x IFk’ such that 
(i) @P(O, 0) = NO); 
(ii) there is a Cm-map+: rITg( U) -+ P2 such that TQ+# = &r, ; 
rkM2 , respectively rQ , is the standard projection of RkM2 x R, respectively 
W x R, onto Rk-2, respectively UP; 
(iii) for each p = (,q ,..., pg) E mg( U), @ induces an orientation preserving 
dz~eomorphism of U n ?T;~(P) into r&($(p)); 
(iv) there is a P-function A: n,(U) + R szcch that fm each (/.A, x) E U, 
F(p, x) = WYp, 4) + NP), whew 
Using the above theorem we shall prove the following proposition, which 
is a version of this theorem adapted to our applications. 
PROPOSITION 3.2. Let F: R8 x R -+ R be a Cm function with 
F 1 UP x (0) = 0 and F(O,..., 0, x) = xk *f (6 f (0) > 0. 
Then there is a Cm map 5 from a neighborhood U of (0,O) in UP x R to 
W-1 x R such that 
(i) G(O, 0) = (0,O) and $(Rs x (0) n U) C Rk-l x (0); 
(ii) there is a Cm map $: wg( U) -+ W-l such that rkel$ = &r8 ; 
(iii) for each p = (pl ,..., pS) E rS( U), 5 induces an orientation preserving 
diffeomorphism of r;‘(p) n U into ~&(&)); 
(iv) for each (II, z) E U, F(x, p) = Tip, where 
w?l ,*a*, Tk-1 , y) = y” + r],yk-’ + ~zY’-~ + *” + r]k,y* 
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Proof. From Theorem 3.1 we know that there is a commutative diagram 




[ws 4 + [wk-2 
such that locally V . @ = F + b, for some function h on !FP. Suppose @ has 
the form dj(p, x) = (4(p), A,(x)), where $ is a differentiable map and A, 
is a diffeomorphism depending on t.~ The required map 5 can also be 
written as G(p, x) = (I&U), i&(x)). We take ii,(x) = A,(x) - A,(O). It is 
then clear thatF 1 (CL} x R is locally (i.e., for p and x small) equal to I’, 0 &(z) 
where I’, is a polynomial of degree K, with leading coefficient 1 and with 
V”(O) = 0. The coefficients of this polynomial depend smoothly on TV, so 
V,(y) = yk + a,yk-l + *** + aRely, where a, ,..., ak-r are functions of p. 
Now we define &(cL) = (a&),..., ++.r(p)) and we are done. 
We shall need the following lemma which is more or less well known and 
which can be easily derived from the preparation theorem for P-functions 
[51* 
LEMMA 3.3. Let F: W x R -+ R be a C*-function sllch that Fb, x) = 
F(p, -x) for all (p, x) E W x R. Then there is a Cm-functionf: IW x R --t 88 
such that F(p, x) = f (p, 9). 
THEOREM 3.4. Let F: W x R -+ R be a Cm-function such thut 
F(O,..., 0, x) = x2k . f (x) for some function f with f (0) > 0, F(W x (0)) = 0 
and such that 
F(p1 ,..., A, 4 = F(F, ,..., ,+, -4 for all (p1 )..., /Al , x) E UP x Ft. 
Then there is a Cm-map 0 from a neighborhood U of (0,O) in W x R to a 
neighborhood of (0,O) in W-l x R swh that 
(i) @(O, 0) = (0,O) and @(W x (0)) C lR”-l x (0); 
(ii) there is a Cm-map $: T?(U) + W-l such that nkel@ = +T, ; 
(iii) for each TV E rS( U), Q, induces an orientation preserving map of 
u n eb-4 to %28(dw); 
(iv) F(P, 4 = WV, x) if (CL, 4 E U, where Qrll ,..., rlkdl, y) = 
Y2” + 71 Y2k-2 2. + --* + ?k-ly > 
(v) @ is “symmetric” in the sense that if 
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Proof. From Lemma 3.3 we know that there is a functionP: Iw” x [w + R 
such that F(p, x) = p(p, x2). Then F(rWs x (0)) = 0 and F(O,..., 0, x) = 
xk . j(x) for some f with j(0) > 0. From Proposition 3.2 we obtain the 
existence of a map G from a neighborhood 0 of (0,O) in [ws x Iw to a 
neighborhood of (0,O) in [w”-l x Iw which satisfies (i), (ii), and (iii) in the 
conclusion of Proposition 3.2 such that P = r@ with 
Wl ,‘.‘, ?k-1 ,y) =yk + %yk-’ + ‘.’ + ?k-lY. 
We can write $ in the form @(CL, x) = (&u), AU(x)). 
Now we define @ by @(p, x) = (B(p), j-(&(~a)~/a), where we take + if x 
is positive and - if x is negative. We shall show that Q, is Cm; apart form 
this, it is clear that @ has all the required properties. 
As AU is orientation preserving and maps 0 to 0, ir, has the form A,,(x) = 
K(P) . x * (1 + x . [(CL, x)) with K a smooth positive function of p and 5 
a smooth function of (I*, x) with ((0, 0) = 0. From this we obtain 
@(CL, 4 = c&4 44 . x . (1 + x2 . <(CL, x2))1/2). Since (1 + x2 . [(p, x”)) is 
positive on a neighborhood of (0,O) in Iws x [w, @ is smooth on a neighbor- 
hood of (0,O) in Iws x [w. 
The Proof of Theorem 1.5. Let X be as in the assumption of Theorem 1.5. 
By Remark 2.8 we may assume that X has the symmetry property. Let 
D, : iRr x Iw --f Iw be the displacement function for X as constructed in 
Remark 2.10. Let D(“‘: iV x Iw + [w be the function defined by 
DC”‘(r), ..., 7]k, y) = y2k+2 + vly2k + “- + ?ky2; 
this is a displacement function for Xc”) (see Remark 2.10; Xc”) was defined in 
Example 1.4). 
By Theorem 3.4 there is a map & of a neighborhood of (0,O) in Iw’ x [w 
to a neighborhood of (0,O) in aBk x [w such that DC”) .6 =, Dx and such that 
also the analogs of (i)-(v) in the conclusion of Theorem 3.4 are satisfied. 
6 has the form 6(~, x) = (&p(I), (1”,(x)) with l&(-x) = -(?,(x). Hence, 
%? 4 = b%4~ x . J/L, x2)) for some function fl on Iwr- x Iw. Now the 
theorem follows from Remark 2. Il. 
4. THE VECTORFIELDS X(“) FOR k = 1,2,3 
We want to calculate for which ‘I, X, lk) has how many closed orbits and 
which of them are attracting and which of them are repelling. For this it 
suffices to analyze the zeroes and the sign of 
Vk) : R” x IF! --+ uqv/‘“‘(7)1 ,..., 7)k) x) = x2k+2 + QX2k + *.* + TjkX2), 
because this is a displacement function for Xlk). 
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Case k = 1 (this is the usual Hopf bifurcation [2]). We have to analyze 
V’l’(v), x) = x* + 7)x 2. The zero points are the 7 axis and the parabola 
x2 + v = 0. The sign of V (l) is indicated below; hence, we have for 7 > 0 
one attracting singular point and no closed orbit, for 77 < 0 we have one 
repelling singular point and one attracting closed orbit. The results are 
summarized in Fig. 1. 
=[Y%‘(0) 
FIGURE 1 
Case k = 2. This time we have to analyze P)(Q , r12, x) = 
x6 + ~rti + q2x2. For each q1~2 , x = 0 is a solution of V(a)(~r , 72 , x) = 0; 
the other solutions are the solutions of x4 + 7799 + v2 = 0, which are 
x=* ( 
-771 f (rlll - 4T2Y2 
2 1 
1'2* 
For Q < 0 and 4712 > v2 > 0, both 
--rl1+ h12 - 4712Y2 and -3 - h2 - 47?2Y2 
are real and positive. Hence, in this region Xt2) has two closed orbits: one 
attracting and one repelling, and one attracting singular point. For 72 < 0, 
-v1 + (Q* - 4r/2)1/2 is positive and -vr - (q12 - 4q2)l12 is negative. 
Hence, in this region X,, (2) has one closed orbit, which is attracting, and a 
repelling singular point. Finally for 1/2 > fqr2 or q1 > 0, there are no 
solutions of x4 + qrx2 + 71~ = 0. Hence, in this region, Xf) has only one 
attracting singular point and no closed orbits. The results are summarized 
in Fig. 2. 
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- =BITURCATION SET 
FIGURE 2 
Ca.se k = 3. We need to investigate 
The main problem is to determine the so-called bifurcation set S C UP, i.e., 
the set of those 7 E Ra such that the number of solutions of V3)(q, x) = 0, 
as function of 7, is not locally constant. It is easy to see that 
{(w , 772 9 73) E R3 I r/3 = 01 = s2 
is contained in S. Let S, be S\S, . It is not hard to see, using the substitution 
I = 9, that S, is just the set of those (vr ,712 , v3) for which 
has a nonnegative multiple root. Hence, S, can be given by the following 
equations 
f-3 + 77J2 + 72r + 7s = 0 
39 
+ 2rllT + 72 
= 0 I 
2 (1) 
Y>O 
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i.e., S, consists of those points (r]r , Q , Q), for which there is an r such that 
719 5-z 9 % ! r satisfies (1). The system (1) is equivalent with 
r/3 = 2r3 + 7p2 
q2 = -3rr - 2QY (2) 
r>O 
The equations in this form are very handy to calculate S, n {Q = c} for the 
different values of c. One then obtains the following results. 
(a) S, f7 {Q = c} for c > 0. We obtain half a parabola as indicated 
below in Fig. 3. So if we add the q2 axis (being S, n {Q = c}), we obtain 





(b) S, n {Q = 01. Here we have 
S, n (71 = 0) = ((~1, ?z ,713) 1 rll = 0, r/3 3 0, 27~3~ = -4112”) 
which is sketched in Fig. 4. 
(c) S, n (71~ = 0} for c < 0. Here we obtain a curve with a cusp 
point as indicated in Fig. 5. Near the origin, this curve looks again like half 
a parabola. 
c to I 
FIGURE 5 
Combining all this information, we obtain the picture for S = Sr u Ss 
as described in Fig. 6. It is clear that W\S has four components, which are 
numbered as in Fig. 6. So we are finished it we have determined for all these 
FIGURE 6 
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component what sort of closed orbits X, (3) has four 77 in that component. 
By simple calculations one finds the behavior of Xf’ for 7 in regions I, II, III, 




5. SOME GENERALIZATIONS 
In this section we indicate for which other bifurcation problems one can 
obtain results analogous to Theorem 1.5. 
We consider r-parameter families of orientation reversing diffeomorphisms 
of [w to itself. They can be given in the form (CL, x) H (p, A,(x)) where 
d/dx(A,(x)) < 0 for all (p, x). If we assume that 0 is a fixed point of A, , then, 
after some change of coordinates we have that 0 is a fixed point of A, for any 
p. We then can take again a new coordinate function Z, such that with respect 
to this coordinate, the set of fixed points of AU2 is invariant under the 
involution (p, f) I+ (p, --f); the coordinate function x can be defined as 
$P, x) = 4(x - 4(x)). 
Now we can define a displacement function D by D(p, 3) = 
$2~ - %1 - ~a), where A,,+, a) = (p, %r) and Ap2(p, -a) = (p, --g2) 
(observe that this definition is obtained from (2, 10) by replacing gx,aR by 
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A,“). Using this concept of displacement function we can get an analog of 
Theorem 1.5. 
Using the concept of PoincarC map the results, indicated above, immediately 
carry over to the case where one has an r-parameter family of vectorfields on 
a 2-manifold in the neighborhood of a closed orbit which has an orientation 
reversing Poincart map. 
Finally, Theorem 1.5 should have an analog in the following situations: 
(1) X is an r-parameter family of vectorfields on [w” with X,(O) = 0 
and (dX,)(O) has 2 nonzero eigenvalues on the imaginary axis and all its other 
eigenvalues off the imaginary axis. 
(2) A is an r-parameter family of diffeomorphisms of Iw” to itself with 
A,(O) = 0 and (&l,(O) h as one eigenvalue -1 and all its other eigenvalues 
off the unit circle. 
These cases can be “reduced” to the cases already discussed, by using 
the center-manifold theorem [3]. However, the center-manifold is in general 
not Cm, and we need things to be Cm, as Theorem 3.1 is only known in the Cm 
case. One could come around these difficulties as follows: 
(a) One proves a Ck version of Theorem 3.1 using the Ck version of the 
preparation theorem which was recently obtained by Barbancon [l] and 
Lasalle [4] (I did not check whether this is possible). 
(b) One obtains the analog of Theorem 1,5 in the above two cases 
by using certain special tricks (I checked that in this way one can prove a 
partial analog of Theorem 1.5). 
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